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ABSTRACT 
A graph is called uniquely colorable if there is only one partition of its point set 
into the smallest possible number of color classes. Theorems concerning uniquely 
colorable graphs G include: 
(1) The subgraph of G induced by the union ot' two color classes is connected. 
(2) Every homomorphic mage of G is also uniquely colorable. 
(3) If a single new point w is added to G, and also at least one line joining w with 
each color class of G, then the resulting raph is uniquely colorable. 
(4) If u is a point of G of degree x(G) -- 1, then G - u is uniquely colorable. 
A result concerning n-colorable graphs is strengthened bya proof that, for all n >~ 3, 
there exists a uniquely n-colorable graph not containing K,. 
A coloring of a graph G is a partition of the points of G into classes, 
called the color classes, in such a way that no adjacent pair of points are 
contained in one of the classes. If a coloring contains exactly n distinct 
non-empty color classes, then it is called an n-coloring. A graph along with 
a coloring is a colored graph. A graph which has a k-coloring but no 
(k -  I)-coloring is k-chromatic, and k is its unique chromatic number. 
We will denote the chromatic number of a graph G by x(G), and the 
number of points by p(G). A graph with exactly one n-coloring is called 
uniquely n-colorable. Our terminology follows that in [3]. 
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Let G be a graph on the set V of points. Then, if S C V, the subgraph of 
G induced by S is the graph H on the point set S such that if u, v E S then u 
and v are adjacent in H if and only if they are adjacent in G. In general, a
graph is an induced subgraph of G if it is the subgraph which is induced by 
some subset of V. The graph G is k-critical (or just critical) if its chromatic 
number is k but the chromatic number of every proper induced subgraph 
of G is less than k. 
A map ~ from the points of a graph G onto the points of a graph G' 
is said to be a homomorphism from G onto G' if, for every pair u', v' of 
points of G', u' and v' are adjacent in G' if and only if there is a pair of 
points u, v adjacent in G such that ~(u) = u' and ~(v) = v'. Then G' is 
said to be a homomorphic mage of G just if there is a homomorphism 
from G onto G'. It is important to remember that in a graph no point is 
adjacent o itself, so a homomorphism cannot identify two adjacent 
points. 
A coloring of a graph is called complete if every pair of color classes 
contains an adjacent pair of points. This corresponds to the complete 
graph Kn, which consists of n points, every pair of distinct points being 
adjacent. In fact, if G is a graph with a complete n-coloring we immediately 
obtain a corresponding homomorphism r from G onto Kn. We put the 
points of Kn in 1-1 correspondence with the n color classes of G; then for 
any point u of G, let r be the point of Kn which corresponds to the 
color class which contains u. Conversely, given a homomorphism from 
a graph G onto Kn a complete n-coloring of G is found by taking the color 
classes of points in G to be the pre-images of the points of K~. Thus a graph 
G has a complete n-coloring if and only if K~ is a homomorphic image of G. 
Complete colorings are studied in the companion paper [4]. 
PROPERTIES OF UNIQUELY COLORABLE GRAPHS 
Any graph G has the trivial property of being uniquely p(G)-colorable. 
In a more positive direction, we first take note of a result by Cartwright 
and Harary [1]. 
THEOREM 1. I f  G is uniquely n-colorable for n < p(G), then x(G) = n 
and the subgraph induced by the union of any two color classes of the 
n-coloring of G is connected. 
Under the hypotheses of Theorem 1, then, the unique n-coloring of G 
is complete and each point of G must have degree at least n -- 1. In view 
of Theorem 1, we call a graph G uniquely colorable just if it is uniquely 
x(G)-colorable. 
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A uniquely colorable graph H can only have one homomorphism onto 
Kxt m (up to automorphisms of Kxtm). A graph may, however have only 
one homomorphism onto Kn for some n and fail to be uniquely colorable. 
For instance, the graph pictured in Figure 1 has only one homomorphism 
onto K4 and is not uniquely colorable. 
FIGURE 1 
The converse of Theorem 1 holds in case X(G) = 1 or 2. That is, any 
1-colorable graph is uniquely colorable, as is any connected 2-colorable 
graph. However the converse of Theorem 1 does not hold in general 
This can be seen from Figure 2, which pictures a 3-chromatic graph 
admitting the distinct 3-colorings {1, 2}, {3, 4}, {5, 6} and {I, 6}, {2, 3}, 
{4, 5}. Each of these colorings has the property that the subgraph induced 
by the union of any two color classes is connected. The graph in Figure 2 
is the smallest counterexample to the converse of Theorem 1. 
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FIGURE 2 
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The join G1 + G2 of two graphs G1, G2 on disjoint point sets V 1 , V 2 is 
the graph G1 u G~ w K(V 1 , V2), where K(V 1 , V2) is the complete bigraph 
with point sets V~ and V2. Let G be the graph of Figure 2. Then K~ + G 
is (n + 3)-chromatic, and has two different (n + 3)-colorings, each with 
the property that the union of two color classes induces a connected 
subgraph. Thus there is a counterexample to Theorem 1 with cbromatic 
number k if and only if k >/3. 
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CRITICAL GRAPHS 
The notion of a critical graph is in a sense opposite to that of a uniquely 
colorable graph. If a graph is both critical and uniquely colorable then 
it is complete. This follows from the fact that, for any pair of non-adjacent 
points in a k-critical graph, one can find a k-coloring in which the two 
points fall in the same color class, and another in which the two points 
are in different color classes. 
The next result extends Theorems 14.3.2 and 14.3.3 in Ore [5], and 
provides another example of the antithesis of the notions of criticality 
and unique colorability; compare Dirac [2]. 
THEOREM 2. An n-critical graph cannot be separated by the points of a 
uniquely (n -- 1)-colorable subgraph. 
PROOF: We suppose on the contrary that there is a n-critical graph G 
on point set V and a subset S C V such that the subgraph of G induced by 
S is uniquely (n -- l)-colorable and the subgraph induced by V -- S is 
not connected. Let the point sets of the connected components of the 
latter be V 1 ..... Vm(m 3> 1), and let G1 ..... G,~ be the subgraphs of G 
induced by S w V1 .... , S w Vm, respectively. Every Gt is (n -- 1)-colorable 
by the criticality of G, so we can choose an (n -- 1)-coloring for each. 
The (n -- 1)-colorings must all partition S in the same way. Thus they can 
all be put together into an (n -- 1)-coloring of G since no line of G joins 
a point in V~ to a point in V~ for 1 ~< i :/: j ~< m. This contradicts the 
assumption that G is n-critical. 
CONSTRUCTING UNIQUELY COLORABLE GRAPHS 
If G1 and (72 are any graphs, then x(G1 + G2) ---- x(Ga) + x(G~) and 
the join G1 -1- G2 is uniquely colorable if and only if both Gx and G2 are 
uniquely colorable. A somewhat more general method of constructing 
uniquely colorable graphs from a given one is now presented. 
THEOREM 3. I f  G is uniquely colorable and H is a homomorphic image 
of G such that x(G) = x(H), then H is uniquely colorable. 
PROOF" Let ~ be a homomorphism from G onto H. Clearly the pre- 
images under ~ of the color classes of a x(G)-coloring of H give a x(G)- 
coloring of G. Since ~ is onto, different colorings of H induce different 
colorings of G. 
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COROLLARY 3a. I f  G is uniquely colorable and some subgraph G' of G 
is a homomorphic mage of G, then G' is uniquely colorable. 
For a point u of G, its neighborhood N(u) is the set of points adjacent 
to u. An elementary homomorphism of a graph G is one which identifies 
exactly two non-adjacent points of G. 
COROLLARY 3b. I f  ~ is an elementary homomorphism of G onto H 
which identifies points u, v such that N(u) C N(v), then H is uniquely 
colorable if G is. 
COROLLARY 3c. I f  G is uniquely colorable and G is not complete, then 
there is an elementary homomorphism of G onto a uniquely colorable H 
such that x(H) = x(G). 
A partial converse to Theorem 3 is as tbllows. 
THEOREM 4. Let G be uniquely n-colorable and { C~ .... , C,} its n-coloring. 
Suppose that Gw is obtained from G by adding the single point w and a line 
from w to at least one point in each of C2 ..... C, .  Then Gw is uniquely 
colorable. 
PROOF: {Cx W {w), C2 ..... C,} is an n-coloring of Gw, while any 
n-coloring of Gw must partition the points of G according to its unique 
n-coloring, which leaves no choice for the color class of w. 
COROLLARY 4a. I f  (a is an elementary homomorphism from a graph G 
to a uniquely colorable graph H such that (~ identifies two points with the 
same neighborhood then G is uniquely colorable. 
PROOF: Let {C1 .... , Cn} be the unique x(H)-coloring of H, so indexed 
that ~(u) ~ C1 9 Since this coloring is unique, q~(u) must be adjacent o at 
least one point in each of C 2 .... , C~. Now G is obtained from H by 
adding a new point v such that N(~(u)) -- N(v). 
Let N1 .... , Nk be the equivalence classes of points of G under the 
relation which equates points u, v just if N(u) = N(v). Then {N1 ..... Ark} 
is called the neighborhood coloring of G. 
COROLLARY 4b. I f  the neighborhood coloring is complete then G is 
uniquely colorable. 
COROLLARY 4C. Every n-chromatic graph is an induced subgraph of a 
uniquely n-colorable graph. 
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PROOF: Let {C1 ,..., C,} be an n-coloring of G, and kl ,..., k, the points 
of a complete graph K, .  We form a new graph H on the disjoint union 
of the points of G and K, ,  with the lines of G and Ks along with all lines 
joining ki with points of Cj for all 1 ~< i ~ j ~< n. Then G is clearly an 
induced subgraph of H, while by repeated application of Theorem 4 the 
unique colorability of H follows from that of K, .  
It is easy to describe uniquely 1- and 2-colorable graphs. Only a totally 
disconnected graph is 1-colorable, and hence uniquely l-colorable. The 
uniquely 2-colorable graphs are exactly those 2-colorable graphs which 
are connected. It might be conjectured that every uniquely n-colorable 
graph contains a subgraph isomorphic to Kn. To show that this is not 
the case we need a new class of examples. 
THEOREM 5. For all n >/ 3, there is a uniquely n-colorable graph which 
contains no subgraph isomorphic to Kn. 
PROOF: One can readily verify that all of 3-colorings of the graph E 
shown in Figure 3(a) with solid lines and points are obtained from the 
given coloring using colors a, b, c, by the automorphisms of E. There are 
thus eight 3-colorings of E in all. Once a 3-coloring of E is fixed, there is 
no choice in extending it to a 3-coloring of the whole graph G of Figure 
3(a), with the two exceptions noted in the bottom two points of G. 
Therefore only one of the 3-colorings of E can be extended to a 3-coloring 
of F, the graph of Figure 3(b), and so the coloring of F is completely 
determined. Thus F is uniquely 3-colorable. As F does not contain any 
triangles, we have proved the theorem for n = 3. For n > 3, F q- Kn-s 
provides the desired counterexample. 
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FIGURE 3 
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One can verify that, for any point u of F, the induced subgraph F --  u 
on the eleven points other than u fails to be uniquely 3-colorable. A 
partial converse to Theorem 4 is embodied in the following statement. 
THEOREM 6. I f  a graph G is uniquely n-colorable and u is a point of  G 
o f  degree n -- 1 then G -- u is uniquely eolorable. 
PROOF: Any n-coloring or (n - -1 ) -co lo r ing  of G- -u  can be 
immediately extended to an n-coloring of G. 
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